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Abstract 
There may be prioritizations among criteria in some practical multi-criteria decision making (MCDM) problems, 
which are called prioritized MCDM ones. The investigation of such a kind of problems benefits the development of the 
MCDM. However, the existing methods of prioritized MCDM cannot cover all situations, so we develop a new method 
based on the idea of PROMETHEE in this paper so as to overcome the drawbacks of the existing methods. After 
determining the preferences among alternatives by compare them in pairs, we construct an intuitionistic preference relation. 
A linear optimization model is then established to derive the ranking order of the alternatives. At length, a simple example 
is taken to illustrate the feasibility and practicability of our new method. 
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1. Introduction 
Since it was introduced in mid-1960 s, multi-criteria decision making (MCDM) has been a hot topic in 
decision making and systems engineering, and been proven as a useful tool due to its broad applications in a 
number of practical problems [1,2,3]. In most of existing literatures, the criteria in MCDM problems are 
commonly regarded as independent and the relationships among criteria are seldom discussed. In fact, due to 
the complexity of MCDM problems in our daily lives, there may be various connections among criteria. A 
possible kind of relationships among criteria can be prioritizations, as stated by Yager [4,5], and a typical 
example can be the relationship between the criteria of safety and cost in the case of selecting a bicycle for 
child. We usually do not allow a loss in safety to be compensated by a benefit in cost, i.e., tradeoffs between 
safety and cost are unacceptable in this case. Simply speaking, there is prioritization between the criteria of 
safety and cost, and safety has a higher priority than cost. Such a kind of MCDM problems with prioritizations 
among criteria are called prioritized MCDM ones. 
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Up to now, some pioneers have already paid their attentions to this topic [4-9], including relevant 
applications in Information Retrieval [10] and preference voting [11]. Current researches mainly focus on how 
to aggregate evaluating information with respect to criteria with prioritizations among them, i.e., how to 
construct prioritized aggregation operators. However, if the prioritized aggregation operators are applied into 
the prioritized MCDM problems, there may be some drawbacks. A typical kind of drawbacks can be the case 
that the safeties of two bicycles are identical and cannot reach the requirement of the consumer, then the overall 
evaluations of these two bicycles (the results of the prioritized aggregation) are the same and we cannot give 
out an effective advice for the consumer which bicycle shall be chosen, because according to the idea of the 
prioritized aggregation operators we will not take into account the contributions of criteria with lower priority if 
criteria with higher priority cannot reach the requirements of the decision maker. Intuitively, in such a case, it is 
more likely that the bicycle with lower cost will be chosen. This is just a special case as so to clarify the 
imperfectness of the existing prioritized aggregation operators. In most practical prioritized MCDM problems, 
it is usually hard to discover such a kind of imperfectness because of larger numbers of criteria and complex 
prioritizations among them. Therefore, it is necessary for us to develop some prioritized MCDM methods so as 
to make up the imperfectness of the prioritized aggregation operators based method. For this purpose, we 
propose a new prioritized MCDM method in this paper in virtue of the idea of PROMETHEE that rank 
alternatives concerning the comparisons of the alternatives in pairs. Based on the new method, a simple 
example of prioritized MCDM problem illustrates that the drawback of the prioritized aggregation operators 
based method can be well overcome. We believe that the idea of the proposed prioritized MCDM method is 
new and feasible, and it is well worth developing. 
2. Prioritized Multi-Criteria Decision Making Problems 
The classic multi-criteria decision making (MCDM) prescribes ways of evaluating, ranking and selecting the 
most favorable alternative from a set of feasible ones which are characterized by multiple, usually conflicting, 
criteria [1,2]. The fundamental components of a MCDM problem are a set of criteria, 1 2{ , ,..., }nC c c c , of 
interest to the decision maker and a set of possible alternatives, 1 2{ , ,..., }mX x x x , so as to evaluate each 
alternative and select the best one(s). In their pioneering work on the MCDM, Bellman and Zadeh [12] 
suggested that each criterion can be represented as a fuzzy subset over the alternatives. In particular, if 
jc ( 1,2,..., )j n  is a criterion, then we can represent it as a fuzzy subset jc  over X  such that ( )j ic x  is the 
degree to which this criterion is satisfied by the alternative ix , i.e., ( )j ic x  is the satisfaction degree of ix  over 
jc . Here, we shall assume ( ) [0,1]j ic x ( 1,2,..., ; 1,2,..., )i m j n . 
However, there usually are some kinds of interdependences among criteria in actual MCDM problems. 
Prioritizations are just one kind of them. If there exists the prioritizations between a pair of criteria, for example 
k lc c ( , {1,2,.., })k l n  (  means prior to  in this paper), we take it for granted that the loss of kc  cannot 
be compensated by the benefit of lc . If the prioritizations rather than other interdependences exist in a MCDM 
problem, we call it a prioritized MCDM problem, which is formularized as below. 
Definition 1[4]. In a MCDM problem, if the set of criteria, 1 2{ , ,..., }nC c c c , can be partitioned into q  distinct 
prioritized hierarchies, 1 2{ , ,..., }qH H H , such that k lH H  if k l , where 1 2{ , ,..., }kk k k knH c c c C , C  
1
q
k kH  (i.e., 1qk kn n ), and k lH H  for , {1,2,..., }k l n  (  denotes the null set), then the problem 
is called a prioritized multi-criteria decision making problem. 
As stated by Yager [4,5], the prioritizations can be classified into two cases: 1) strictly ordered 
prioritizations, if the prioritizations among the criteria are a strict linear ordering, i.e., each prioritized hierarchy 
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has only one criterion, and the number of prioritized hierarchies is n  (without loss of generality, we always 
have 1 2 ... nc c c ); otherwise, 2) the priority ordering is called weakly ordered prioritization. By means of 
an ordered weighted averaging (OWA) operator, Yan et al. [6] have revealed that the weakly ordered 
prioritizations can be transformed to the strictly ordered ones through regarding each prioritized hierarchy as a 
pseudo criterion, thus we will only discuss the problems of prioritized MCDM with strict prioritized criteria in 
this paper. 
Another important concept is the decision maker s expectations/requirements in a prioritized MCDM 
problem [5,6]. For each criterion jc ( 1,2,..., )j n , the decision maker usually specifies an expectation j . If 
the satisfaction degree of an alternative x  over jc  achieves the corresponding expectation, i.e., ( )j jc x , 
then ( )jc x  can satisfies the decision maker; otherwise, ( )jc x  cannot satisfies the decision maker, then the 
decision maker will not take into account the contributes of criteria with lower priority than jc  any longer. A 
function :[0,1] [0,1]E  is introduced by Yager [5] to formularize this case, where (0) 0E , (1) 1E , and if 
y z  and , [0,1]y z , then ( ) ( )E y E z . In this paper, ( ( ))jE c x , called the expectation level of ( )jc x , 
indicates the degree that the satisfaction degree of an alternative x  over jc  achieves the decision maker s 
expectation. Generally speaking, because the decision maker s expectations are various for different criteria, 
we shall take different functions to measure the expectation levels with respect to respective criteria. For 
example, jE  corresponds to jc , and then the expectation level of ( )jc x  can be ( ( ))j jE c x . If it is not 
ambiguous, we simplify ( ( ))j jE c x  as ( )jE x  in following sections. 
Up to now, most of literatures contribute themselves to how to aggregate satisfaction degrees so as to 
evaluate an alternative synthetically concerning multiple criteria with prioritizations among them. Such a kind 
of problems can be called prioritized multi-criteria aggregation (PMCA) ones. A common idea to handle such 
problems is to devise prioritized aggregation operators [4,5]. We assume that an alternative x  shall be 
evaluated by considering a set of criteria, 1 2{ , ,..., }nC c c c , where 1 2 ... nc c c , and each expectation level 
( )jE x  is obtained by corresponding function :[0,1] [0,1]jE ( 1,2,..., )j n , then the overall satisfaction 
degree of x  can be calculated by a prioritized aggregation operator 
1 2
1






C x PA c x c x c x
w c x
  (1) 
where 1 2( , ,..., )
T
nw w w w  is the weighting vector of criteria, 
1
0
( )jj kkw E x , and 0 ( ) 1E x  by convention. 
However, this idea is unsuitable to be applied into prioritized MCDM problems. Let us see the following 
example. 
Example 1. The decision maker wants to select the better alternative from 1x  and 2x  concerning three 
prioritized criteria 1 2 3c c c  in a prioritized MCDM problem. Satisfaction degrees of 1x  and 2x  with respect 
to 1c , 2c  and 3c  are (0.5, 1, 1) and (0.5, 0, 0) respectively. According to the decision maker s expectations, 
1(0.5) 0E , then we have 1 1 1 2( ) ( ) 0E x E x . In such a case, the weights are the same for 1x  and 2x , and 
1 2 3( , , ) (1,0,0)
T Tw w w w . By utilizing (1), we derive their overall satisfaction degrees 1 2( ) ( ) 0.5C x C x , 
so we cannot judge which alternative is better. 
But intuitively, 1x  is better than 2x  because 1 1 1 2( ) ( )c x c x , 2 1 2 2( ) ( )c x c x  and 3 1 3 2( ) ( )c x c x . Therefore, 
we shall develop a more proper prioritized MCDM method. 
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3. PROMETHEE-Based Prioritized Multi-Criteria Decision Making 
In this section, we will develop a new prioritized multi-criteria decision making (MCDM) method based on 
the idea of PROMETHEE. The PROMETHEE (Preference Ranking Organization Method for Enrichment 
Evaluation) uses the outranking methodology to rank alternatives [13]. The PROMETHEE is implemented in 
four steps: 1) define preference function; the preference function shows the preference of the decision maker 
for an alternative kx  with respect to another alternative lx  regarding a criterion; 2) calculate preference index; 
the preference index is used to quantitatively compare alternatives in pairs taking all criteria into account 
comprehensively; 3) construct valued outranking graph; outgoing and incoming flows are determined by means 
of relevant preference indices in this step; and 4) rank alternatives according to the valued outranking graph. 
The central idea of the PROMETHEE is to compare alternatives in pairs regarding criteria firstly one by one 
then comprehensively. In Example 1, the reason that both 1x  and 2x  have identical overall satisfaction degrees 
is that their satisfaction degrees over 1c  cannot achieve the decision maker s expectation, i.e., 
1 1 1 2( ) ( ) 0E x E x , thus the contributions of 2c  and 3c  are ignored. If introducing preferences by comparing 
alternatives pairwise just like what the PROMETHEE does, we may consider effectively the contributions of 
criteria with lower priority no matter how the satisfaction degrees with respect to those criteria with higher 
priority cannot achieve the decision maker s expectations. 
3.1. Method and Process 
We assume that the decision maker wants to select the best one(s) from a set of alternatives, 
1 2{ , ,..., }mX x x x , by considering a set of criteria, 1 2{ , ,..., }nC c c c , in a prioritized MCDM problem, where 
1 2 ... nc c c . All satisfaction degrees, ( )i jc x ( 1,2,..., ; 1,2,..., )i m j n , is given, and we have already 
derived all expectation levels ( )i jE x  in accordance with some given information. 
 Step 1. Define the preference function. The preference function 2:[0,1] [0,1]P  can be defined as 
0 , ( ) ( )
( ), ( )
( ) ( ) , ( ) ( )
j k j l
j k j l
j k j l j k j l
if c x c x
P c x c x
c x c x if c x c x
 (2) 
where :[0,1] [0,1]  is a monotonic increasing function with (0) 0 , {1,2,..., }j n  and {1,2,...,k l  
}m . In (2), ( ( ), ( ))j k j lP c x c x  gives a measure of the preference of kx  over lx  regarding jc . In this paper, 
( )x x . In such a case, (2) can be rewritten as 
0 , ( ) ( )
( ), ( )
( ) ( ) , ( ) ( )
j k j l
j k j l
j k j l j k j l
if c x c x
P c x c x
c x c x if c x c x
 (3) 
 Step 2. Calculate the preference index. Firstly, we introduce a revision function to take into account the 
influence of expectation levels. The revision function :[ 1,1] [0,1] [0,1]  can be defined as 
, 0
( , )
(1 ) , 0
y z y z y
y z
y z y
  (4) 
Because the function E  is monotonic increasing, we have ( ) ( )j k j lE x E x  if ( ) ( )j k j lc x c x , and 
( ) ( )j k j lE x E x  if ( ) ( )j k j lc x c x . Let | ( ) ( )j kl j k j lE E x E x  and | ( ) ( )j kl j k j lc c x c x , then by (4) we have 
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, ( ), ( )
0 , 0
j kl j kl j kl j kl j kl
j kl j k j l
j kl
E c E c if c
E P c x c x
if c
 (5) 
From (5), if ( ) ( )j k j lE x E x  means kx  is more closer to the decision maker s expectation than lx , then 
| |[ , ( ( ), ( ))] ( ( ), ( ))j kl j k j l j k j l j klE P c x c x P c x c x c . Especially, if | 1j klE , |[ , ( ( ), ( ))] 1j kl j k j lE P c x c x  is the 
maximum. However, if ( ) ( )j k j lE x E x , then |( ) ( ) [ , ( ( ), ( ))] 0j k j l j kl j k j lc x c x E P c x c x . 
Furthermore, the influences of criteria with higher priority must be taken into account. We define |j kl  as the 













  (6) 
In this case, we then calculate the preference index of kx  over lx  by 
| |
1
1( , ) , ( ), ( ) , {1,2,..., }
n
k l j kl j kl j k j l
j
x x E P c x c x k l m
n
 (7) 
( , ) [0,1]k lx x  gives a measure of the preference of kx  over lx  concerning all criteria, and the closer to 1, 
the greater the preference. 
 Step 3. Construct intuitionistic preference relation (IPR). In [14], the notion of the IPR was introduced: 
Definition 2[14]. An intuitionistic preference relation (IPR) B  on X  is represented by a matrix 
( )ij m mB b X X  with ( , )ij ij ijb , where ijb  is an intuitionistic fuzzy value, composed by the certainty 
degree ij  to which ix  is preferred to jx  and the certainty degree ij  to which ix  is non-preferred to jx , and 
1 ij ij  is interpreted as the hesitation degree to which ix  is preferred to jx . Furthermore, ij  and ij  
satisfy 0 1ij ij , ji ij , ji ij  and 0.5 ( , 1,2,..., )ii ii i j m . 
In the last step, we obtain two preference indices between alternatives kx  and lx , ( , )k lx x  and ( , )l kx x . 
The former is a measure that kx  is preferred to lx , and the latter is a measure that lx  is preferred to kx . In 
other words, ( , )l kx x  can be regarded as a measure that kx  is non-preferred to lx . Thus if an IPR can be 
constructed based on ( , )k lx x  and ( , )l kx x ( {1,2,..., })k l m , the ranking order of alternatives in X  can 
be easily derived according to some existing method based on the IPR. If it is unambiguous, we denote 
( , )k lx x  as kl ( {1,2,..., })k l m . 
Theorem 1. 0 1kl lk  for all {1,2,..., }k l m . 
Proof. We assume that ( ) ( )j k j lc x c x , then ( ) ( )j k j lE x E x  (because jE  is a monotonic increasing function), 
and according to (3) |( ( ), ( )) ( ) ( )j k j l j k j l j klP c x c x c x c x c  and ( ( ), ( )) 0j l j kP c x c x . By (5), we further get 
| | | | |, ( ), ( )j kl j k j l j kl j kl j kl j klE P c x c x E c E c  and | , ( ), ( ) 0j lk j l j kE P c x c x . Because | |0 , 1j kl j klc E , 
we have |0 [ , ( ( ), ( ))] 1j kl j k j lE P c x c x . According to (6), it is obvious | |0 , 1j kl j lk , thus  
| | | |0 , ( ), ( ) , ( ), ( ) 1j kl j kl j k j l j lk j lk j l j kE P c x c x E P c x c x  
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| | | |
1
| | | |
1 1
0 , ( ), ( ) , ( ), ( )
1 10 , ( ), ( ) , ( ), ( ) 1
0 1
n
j kl j kl j k j l j lk j lk j l j k
j
n n
j kl j kl j k j l j lk j lk j l j k
j j
kl lk
E P c x c x E P c x c x n
E P c x c x E P c x c x
n n
 
Therefore, the theorem always holds.  
Sequentially, we construct a matrix, ( )kl m mB b , on the basis of the preference indices kl ( {1,2,..., })k l m , 
such that any element in B  is an intuitionistic fuzzy value ( , ) ( , )kl kl kl kl lkb  if k l , and otherwise 
(0.5, 0.5)kkb  for 1,2,...,k m . Obviously B  is an IPR since all elements in B  satisfy Definition 2.  
 Step 4. Rank alternatives based on the constructed IPR. In [15], Xu introduced a method to reveal the 
differential priority of multiple objects by means of their IPR, which will be used in this step to get the ranking 
vector of alternatives. A ranking vector can be defined as 1 2( , ,..., )
T
mv v v v , where kv  reflects the ranking 
degree of the alternative kx , and 0kv ( 1,2,...,k m ), 1 1
m
kk
v . If the IPR ( )kl m mB b  is consistent, then 
0.5( 1) 1kl k l klv v , i.e., 0.5( 1) [ ,1 ]k l kl klv v  for all 1,2,..., 1k m  and 1,...,l k m . 
However, ( )kl m mB b  is usually inconsistent. In this case, Xu [15] introduced two kinds of deviation variables 
kld  and kld , 1,2,..., 1k m  and 1,...,l k m , so as to relax the above inequation as 0.5( 1)kl kl k ld v v  
1 kl kld , for all 1,2,..., 1k m  and 1,...,l k m , where kld  and kld  are both nonnegative real numbers. 
Because kl kl  and kl lk , we have 0.5( 1) 1kl kl k l lk kld v v d . Moreover, Xu [15] established 




(M-1) min ( )









k l kl kl












k m l k m
 
Solving this model, we can get the optimal ranking vector 1 2( , ,..., )
T
mv v v v , which can be used to ranking 
the alternatives. The larger kv , the more preceding in order the alternative kx . 
3.2. Illustrative Example 
In this subsection, we will take a simple example to illustrate the feasibility of the prioritized MCDM 
method in the preceding.  
Example 2. Suppose there are six criteria, 1 2 6{ , ,..., }C c c c , and five alternatives, 1 2 5{ , ,..., }X x x x , in a 
prioritized MCDM problem, where 1 2 6...c c c . All satisfaction degrees ( )j ic x ( 1,2,...,5; 1,2,...,6)i j  
are given in the following table: 
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Table 1. Satisfaction degrees 
cj(xi) c1 c2 c3 c4 c5 c6 
x1 0.6 0.85 0.55 0.85 0.9 0.45 
x2 0.4 0.9 0.8 0.75 0.6 0.8 
x3 0.55 0.8 0.9 0.65 0.7 0.6 
x4 0.4 0.5 0.5 0.6 0.4 0.8 
x5 0.75 0.7 0.85 0.45 0.6 0.75 
 
In addition in accordance with the decision maker s expectations, we have already obtained all expectation 
levels ( )j iE x  of corresponding satisfaction degrees as below. 
Table 2. Expectation levels 
Ej(xi) c1 c2 c3 c4 c5 c6 
x1 1 1 0.125 0.9 1 0 
x2 0 1 0.75 0.7 0 0.667 
x3 0.75 1 1 0.5 0.5 0 
x4 0 0.25 0 0.4 0 0.667 
x5 1 0.75 0.875 0.1 0 0.5 
 
We first consider the preferences of 1x  over 2x . By (3), 1 2( ( ), ( ))j jP c x c x ( 1,2,...,6)j  can be calculated 
as 0.2, 0, 0, 0.1, 0.3 and 0 respectively. And then by (5), |12 1 2[ , ( ( ), ( ))]j j jE P c x c x ( 1,2,...,6)j  equal to 1, 0, 
0, 0.28, 1 and 0 respectively. We then have |12j 1, 1, 1, 0.375, 0.375 and 0.375 for 1,2,...,6j  respectively 
by (6). In this case, the preference index of 1x  over 2x  can be calculated by (7) as 12 0.247 . 
Similar to the above process, we can calculate the preference indices of kx  over lx  for all {1,2,...,5}k l : 
12 13 14 15 21 23 24
25 31 32 34 35 41 42 43
45 51 52 53 54
0.247, 0.080, 0.605, 0.139, 0, 0.024, 0.380,
0, 0.121, 0.259, 0.568, 0.196, 0, 0, 0,
0, 0.128, 0.188, 0.086, 0.443
 
Sequentially, an IPR 5 5( )klB b  can be constructed, where ( , )kl kl lkb  for {1,2,...,5}k l  and 
(0.5, 0.5)kkb  for {1,2,...,5}k , i.e., 
5 5
(0.5, 0.5) (0.247, 0) (0.08, 0.121) (0.605, 0) (0.139, 0.128)
(0, 0.247) (0.5, 0.5) (0.024, 0.259) (0.380, 0) (0, 0.188)
( ) (0.121, 0.08) (0.259, 0.024) (0.5, 0.5) (0.568, 0) (0.196, 0.086)
(0, 0.605) (0, 0.380) (0, 0.568) (0.5,
klB b
0.5) (0, 0.443)
(0.128, 0.139) (0.188, 0) (0.086, 0.196) (0.443, 0) (0.5, 0.5)
 
then by solving the model (M-1) in Matlab, we get the optimal ranking vector 1 2( , ,..., )
T
mv v v v  
(0.359, 0.132, 0.315, 0.002, 0.192)T . Therefore, the ranking order of alternatives is 1 3 5 2 4x x x x x , 
and the best alternative is 1x .  
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Besides, similar to Example 1, if we utilize the prioritized aggregation operator based method to compare 
2x  and 4x  in Example 2, they will be indifferent, which is not accordant with our intuitive data analysis of 
their satisfaction degrees in Table 1 ( 2x  is obviously better than 4x ). Our method well overcomes the 
drawback, so it is more proper to handle the prioritized MCDM problems than the prioritized aggregation 
operator based method. 
4. Concluding Remarks 
In this paper, we have developed a new prioritized multi-criteria decision making (MCDM) method based 
on the idea of PROMETHEE aiming at overcome the drawbacks of existing methods. After comparing 
alternatives in pairs, we innovatively constructed an intuitionistic preference relation, which is a significant 
combination of decision making technology and fuzzy theory. By solving a linear optimization model, 
established on the basis of the intuitionistic preference relation, we finally ranked the alternatives. However, the 
proposed method is somewhat complex even though it can well deal with the prioritized MCDM problems. 
Therefore, it is necessary to improve it in our future work. 
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